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Abstract 

The errors associated with X-ray determinations of 
N - H . . . O = C  hydrogen-bond geometries have been 
analysed. The analysis was based on a comparison of 
X-ray and neutron diffraction results for 57 hydrogen 
bonds which have been determined by both methods. 
The random errors in X-ray N--H and H . . . O  
distances were found to vary between 0 .02-0.17 A, the 
mean value being 0.065 A. These errors exceed the 
e.s.d.'s quoted in the literature by a factor of approxi- 
mately 1.6. The average systematic error in the X-ray 
N - H  and H . . . O  distances is about 0.1 A. However, 
systematic errors can be corrected by 'normalizing' the 
N - H  bond lengths to a standard value (1.030 A). 

atom positions. Unfortunately, the N . . . O  distance is 
an unreliable guide to the strength of a hydrogen bond; 
e.g. the six N - H . . .  O bonds in Table 1 (determined by 
neutron diffraction) have almost identical N . . . O  
distances but H . . .  O distances ranging from 1.844 (2) 
to 2.083 (6) A. 

Recent reviews of N - H . . .  O hydrogen-bond geom- 
etries have therefore relied extensively on the results 
of neutron diffraction studies, which provide precise 
information about the H - . .  O distances and N - - H . . .  O 
angles (e.g. Jeffrey & Maluszynska, 1982; Koetzle & 
Lehmann, 1976; Olovsson & J6nsson, 1976; see also 
Ceccarelli, Jeffrey & Taylor, 1981; Taylor & Kennard, 
1982, for studies of other types of hydrogen bonds 
using neutron data). However, neutron studies con- 

Introduetlon 

The N - H . . . O = C  hydrogen bond plays a major role 
in determining the conformations of proteins and 
nucleic acids (Pimentel & McClellan, 1960). Con- 
sequently, its geometry has been investigated exten- 
sively by crystallographic techniques. Early X-ray 
diffraction studies of amino acids and nucleosides 
provided detailed information about the distribution of 
N . . . O  distances (Ramakrishnan & Prasad, 1971). 
However, the values of the true hydrogen-bond lengths 
( i . e . H . . . O )  and N - H . . . O  angles were obscured by 
the large experimental uncertainties in the hydrogen- 
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Table 1. Selected hydrogen-bond geometries deter- 
mined by neutron diffraction 

Structure 

L-Lysine mono- 
hydrochloride dihydrate 

Hydrazinium 
hydrogen oxalate 

9-Methyladenine- 
l-methylthymine 

L-Glutamic acid 
L-Tyrosine 
DL-Serine 

Reference 
Hydrogen N . . . O  H . . - O  number 

bond a (A) (A) in Table 2 

N(2)-H(4). . .0(2) 2.887 (3) 2.083 (6) 22 

N(2)-H(2). . .O(I)  2.884(1) 1.935(2) 12 

N(10')-H(4). . .0(8) 2.872 (3) 1.932 (5) 23 

N( l ) -H(2 ) . . .O( l l )  2.895(1) 1.926(2) 18 
N(I)-H(3) . - .0(2)  2.884 (2) 1.853 (4) 21 
N(I)-H(2)--.O(2) 2.876 (l) 1.844 (2) 6 

(a) Atom labels are those used in the Cambridge Structural Database. 

© 1983 International Union of Crystallography 
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stitute only about 1% of the structure determinations in 
the Cambridge Structural Database (Allen et al., 
1979). Thus, although it is important to study the true 
hydrogen-bond length, H . . .  O, rather than the N . . .  O 
distance, it is also desirable to use the available X-ray 
data if possible. It is therefore of interest to evaluate the 
errors associated with X-ray determinations of 
hydrogen-bond geometries. We present here an 
analysis of these errors, based on a comparison of 
X-ray and neutron diffraction results for 57 N - H . . .  
O=C hydrogen bonds which have been determined by 
both methods. 

of which has been determined by X-ray and neutron 
diffraction at approximately the same temperature. 
Structure determinations with R > 0.10, or with serious 
disorder problems, were excluded from the study. The 
X-ray determinations vary in quality from early, 
relatively imprecise studies to very precise deter- 
minations performed in connection with charge-density 
analyses. The structures contain a total of 57 N - H . . .  
O=C hydrogen bonds for which both neutron and 
X-ray atomic coordinates are available. The X-ray 
hydrogen-atom positions were all determined experi- 
mentally rather than calculated geometrically. 

Crystallographic data 

All crystallographic data were retrieved from the 
Cambridge Structural Database. The analysis was 
based on 26 organic crystal structures (Table 2), each 

Error analysis 

Terminology 

Since there is some confusion over the use of the 
terms random and systematic error (Hamilton, 1969), 
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The symbols X and N denote the X-ray and neutron diffraction determination, respectively. 
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their meanings in the present context will be defined 
here. Let X be the true value of a given parameter, of 
which n observations are made. Let the ith observation, 
x l, be expressed as: 

X i = 5C + A X  i ( 1 )  

where ~ is the mean of the population to which the n 
observations belong. The systematic error is defined as 
the quantity I X -  .~1, i.e. the bias in the observations. In 
the case of X-ray determinations of hydrogen-bond 
geometries, the principal cause of systematic error will 
be defects in the theoretical model used in least-squares 
refinement. In particular, the observed N - H  bond 
lengths will tend to be shorter than the true mean 
internuclear separations because of total or partial 
neglect of the N - H  bonding electron density. The 
random error is defined as the standard deviation of the 
Ax i, i.e. the unbiased component of the error. We 
consider below the magnitudes of the random and 
systematic errors in X-ray hydrogen-bond geometries, 
and the possibility of correcting for the latter. 

Magnitude o f  random errors 

The published e.s.d.'s of the X-ray N - H  bond 
lengths range from 0.014 to 0.106/~,, with a mean of 
0.041/~,. However, previous work (e.g. Abrahams, 
1974; Verbist, Lehmann, Koetzle & Hamilton, 1972) 
has shown that standard deviations derived from 
least-squares covariance matrices are usually under- 
estimated. We wished to examine this possibility by the 
normal-probability-plot method (Abrahams & Keve, 
1971; Hamilton & Abrahams, 1972), i.e. by plotting 
the ranked weighted differences between the neutron 
and X-ray N - H  bond lengths against the quantiles 
expected for a normal distribution. The ith weighted 
difference, A i, is defined as: 

A t = [ l ( N ) l -  I(X)I]/[o2(N)i + a2(X)i  ]I/2 (2) 
6 

where l (N)  t and l (X)  i are, respectively, the observed 
- s neutron and X-ray values of the ith N - H  bond length, ~: 

and a(N)i  and a(X) i  are the corresponding e.s.d.'s. ~ 4 
Unfortunately, the application of this method is 
complicated by the systematic differences between the ~ a 
neutron and X-ray distances. If the true X-ray value of -~ 2 
the ith bond length [i.e. the value observed in the 
absence of random error; equivalent to .~ in (1)] is i(X) t l 
and the corresponding neutron value is i (N) i, (2) may o 
be written as: 

Ai= [/(N)i + z ( N ) i - -  - l (X) i -  z(X)i]/[a2(N)i  

+ az(X)i  ]1/2 (3) 

i.e. 

A t = [ / ( N ) / -  l (X) i l / [a2(N) t  + a2(X)i  11/2 + [ z (N)  i 

- -  z ( Y ) i ] / [ a 2 ( N ) i  + ( 7 2 ( X ) i  ]1/2. (4) 

Assuming that the random errors are normally distrib- 
uted, z ( N )  l and z ( X )  l are normal random variables 
with mean values of zero. If there were no systematic 
differences between the X-ray and neutron distances, 
the first term in (4) would vanish. The extent to which 
the e.s.d.'s are over- or underestimated could then be 
inferred from the slope of the normal probability plot 
(Abrahams & Keve, 1971). However, since there are 
systematic differences, i.e. 

-l(N)l=/: i (X)  l (5) 

the first term in (4) has a non-zero value which varies 
from one hydrogen bond to another. Consequently, the 
probability plot for the complete sample of 57 
N - H . . . O  bonds (shown in Fig. 1) cannot be simply 
interpreted. 

However, since: 

] ( N ) t -  l(X)l"~ I ( N ) j -  l(X)y, i : / : j  (6) 

and: 

O'2(X)i >~> o'2(N)i (7) 

variations in the first term of (4) are mainly due to 
differences between the o ( X )  i. Thus, useful results can 
be obtained by restricting the probability plot to a 
subset of hydrogen bonds with similar a ( X )  r The first 
term in (4) is then approximately constant, and the 
probability plot should have a non-zero intercept and a 
gradient that can be meaningfully interpreted in terms 
of the accuracy of the e.s.d.'s. Fig. 2 shows the 
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Fig. 1. Normal probability plot for complete sample. For reasons of 
clarity, one extreme point with coordinates (2.30,14.53) has been 
omitted. 
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probability plot for 24 N - H . . . O  bonds with 0.04 < 
a(X)  t <_ 0.06 A. This range, chosen empirically, is 
small enough to keep the first term of (4) approxi- 
mately constant, but large enough to include a 
reasonable number of hydrogen bonds. The plot is 
approximately linear, indicating that the random errors 
are normally distributed. As expected, the intercept is 
non-zero. The gradient is about 1.6; this is much 
smaller than the slope of the plot for the complete 
sample (~_ 2.9). We conclude that the pooled e.s.d.'s - 
and hence the e.s.d.'s of the X-ray N - H  distances 
[since O ' 2 ( X ) i  >)> O ' 2 ( N ) i ]  - -  are underestimated by a 
factor of about 1.6. 

This result was substantiated by a slightly different 
method (Kroon, Kanters, Van Duijneveldt-Van de 
Rijdt, Van Duijneveldt & Vliegenthart, 1975). The 
sample variance of the 57 X-ray N - H  distances 

2 (trsamole) is 0"005679 A z. The variance is composed of a 
2 'physical' contribution (aphys), due to genuine dif- 

ferences between the various N - H  bond lengths, and 
an 'experimental' contribution (ae2,,pt), due to the 
random experimental errors. Since the two terms are 
statistically independent: 

2 2 2 
G s a m p l e  ~ -  G p h y  s + O e x p t .  ( 8 )  

The sample variance of the neutron N - H  distances 
(--0.000216 A 2) can be taken as an upper limit to 
a2hys . Thus: 

0.005679 _> a2xpt _> (0.005679 -- 0.000216) A z (9) 

i.e. 

0.0754 _> aexpt > 0.0739 A. (10) 

a 

+ 

4- 
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+ ' t "  
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F i g ,  2 .  N o r m a l  p r o b a b i l i t y  p l o t  f o r  h y d r o g e n  b o n d s  w i t h  0 . 0 4  < 

a(X)~ <_ 0.06 A (see text). 

Table 3. Means and standard deviations of  distributions 

N e u t r o n  U n c o r r e c t e d  X - r a y  C o r r e c t e d  X - r a y  a 
P a r a m e t e r  M e a n  b S.d. c M e a n  S.d. M e a n  S.d. 

N - H  (/k) 1.030 (2) 0.015 0.938 (10) 0.075 1.030 0 .000 
H . . . O ( A )  1 .865(16)  0-122 1.956(16)  0.119 1-869(14) 0.108 
N . . . O ( A I  2.849 (12) 0.090 2 .850(12)  0.089 2 .850(12)  0.089 
N - H . . . O (  ° ) 161.5(15)  11.2 162.2(15)  11.4 161.3(15)  11.6 
O . . . N - H ( ° J  12.0(10)  7.6 12.2(10)  7.8 12.2(10)  7.8 

(aJ Sec text for details of correction procedure. 
(h) Number  in brackets is standard error of mean ~ - I x-. (.x, - .,~ ):'.~,(5,' - I)l ~2 } in 

the units of the least significant digit of the preceding number. 
(c)Sample standard deviation { I~ (.x i - -/: )2 /1.'~, l)l ~ 21. 

The root-mean-square value of the e.s.d.'s of the X-ray 
N - H  bond lengths is 0.0458 A. Since 0.0754/0.0458 
= 1.65, and 0.0739/0.0458 = 1.61, this again suggests 
that the X-ray e.s.d.'s are underestimated by a factor of 
about 1.6. Multiplication of the o(X)~ by this factor 
shows that the random errors in the X-ray N - H  
distances vary between 0.02-0.17 A, the mean value 
being 0.065 A. Since oxygen and nitrogen have similar 
atomic weights, the random errors in the X-ray H . . .  O 
distances will be about the same. 

Magnitude o f  systematic errors 

The mean values of the X-ray and neutron N - H  
bond-length distributions are 0.938 (10) and 
1.030 (2) A, respectively (Table 3), which suggests that 
the average systematic error in the X-ray distances is 
approximately 0.1 A. Underestimation of the N - H  
bond length will produce systematic errors in two 
related parameters, the H . . . O  distance and the 
N - H . . . O  angle. Both are likely to be overestimated, 
because the N - H . . .  O angle is invariably greater than 
90 °. Application of a one-tailed Wilcoxon test (Siegel, 
1956) showed that the X-ray H . . . O  distances are 
stochastically larger than the corresponding neutron 
distances at the 99.9% confidence level. The mean 
values [X-ray: 1.956 (16) 3,; neutron: 1.865 (16) A] 
indicate that the average systematic error in the X-ray 
H . . .  O distances is approximately 0.1 A. As expected, 
the mean value of the X-ray N - H . . . O  angles 
[162.2 (1.5) °] is larger than the mean neutron value 
[ 161.5 (1.5) ° ]. However, the difference between them 
is not statistically significant. 

Correction o f  systematic errors 

The simplest method of correcting for the systematic 
errors is to 'normalize' the X-ray hydrogen-atom 
positions (Jeffrey & Lewis, 1978). This involves 
moving the hydrogen-atom position along the observed 
N - H  bond direction until the N - H  distance is equal to 
the mean neutron value. Although this procedure 
ignores the effect of crystal packing forces on the N - H  
distance, an analogous technique has been shown to 
give good results when applied to the O - - H . . . O  
hydrogen bond (Jeffrey & Lewis, 1978; Jeffrey & 
Takagi, 1978). 
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The mean neutron N - H  distance was found to be 
1.030 (2)A. This is an unweighted average of all 57 
bond lengths in our sample. Omission of the eight bond 
lengths determined at low temperature, or weighting of 
the various bond lengths according to their e.s.d.'s 
(Hamilton, 1964), did not produce significantly differ- 
ent results. The X-ray N - H  distances were therefore 
normalized to 1.030 ,/k and the H . . . O  and N - H . . . O  
distributions redetermined. The results (Table 3) 
indicate that the correction procedure is satisfactory. In 
particular, the mean H- . .  O distance of the 'corrected' 
X-ray distribution, 1.869 (14).A, is not significantly 
different from the mean neutron value, 1.865 (16)A. 
The average N - H . . . O  angles are also in good 
agreement [corrected X-ray: 161.3 (1.5)°; neutron: 
161.5 (1.5)°]. The histograms in Fig. 3 show the 
distributions of the following parameters: I (H. . .  O) c - 
(H . . .  O)ul ; I ( N - H .  • • O)c -- (N--H. .  • O)NI ; 
I ( O . . - N - H )  c - (O . . .N-H)NI .  Here, the subscript 
'N '  denotes a value determined by neutron diffraction 
and the subscript 'C '  denotes a corrected X-ray value 
(owing to the nature of the normalization procedure, 
the corrected and uncorrected values of the O . . .  N - H  
angle are identical). The histograms confirm that the fit 
between the corrected X-ray and neutron hydrogen- 
bond geometries is good. E.g. the difference between 
the corrected X-ray and neutron H . . . O  distances 
exceeds 0.05 A in only nine out of 57 cases; the 
parameter I ( N - H . . .  O) c - (N-H.--O)NI is less than 
10 ° for all but seven of the hydrogen bonds.* 

The success of the normalization procedure is based 
on the fact that the mean neutron N - H  distance, 
1.030/k, is usually a more accurate estimate of the true 
value of a given N - H  bond length than the observed 
X-ray distance. We considered the possibility that even 
better estimates might be obtained by the use of 
statistical techniques such as regression analysis. 
However, the X-ray and neutron N - H  bond lengths in 
our sample have a correlation coefficient of only 0.048 

* Note added in proof." A referee suggests that the directions of 
N - H  bonds are accurately determined by X-ray diffraction 
because the hydrogen electrons have predominantly s character 
and are therefore cylindrically symmetrized around the N - H  
vector. 
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(the scatterplot is shown in Fig. 4); this can be ascribed 
to the relatively large random errors in the X-ray 
values. Consequently, the use of regression analysis to 
estimate 'true' (i.e. neutron) N - H  distances from 
observed X-ray values is unlikely to be worthwhile. 

C o n c l u s i o n s  

Precision of  X-ray hydrogen-bond geometries 

The results of this study show that estimates of mean 
hydrogen-bond lengths and angles derived from correc- 
ted X-ray data are likely to be more precise than 
estimates based on neutron diffraction results. This is 
because the large number of X-ray determinations in 
the literature more than compensates for the relatively 
low precision of the X-ray results. The following 
example illustrates this point. 

In a recent survey of O - H . . . O  hydrogen-bond 
geometries determined by neutron diffraction (Cec- 
carelli et al., 1981) it was found that the sample 
standard deviation of the H . . . O  hydrogen-bond and 
O - H  valence-bond distributions were 0.0774 and 
0.0112 A, respectively. The difference between these 
figures is due to the greater sensitivity of the H . . . O  
distance to its environment. From (8), the physical 
contribution to the standard deviation of the H . . . O  
distribution (i.e. aphv~) can be estimated to be at least 
(0.07742 - 0.0112~) u2, i.e. 0.0766 A. If the H . . . O  
distances were to be redetermined by X-ray diffraction, 
the results of our error analysis suggest that the average 
random experimental error would be approximately 
0.065 A. The expected sample standard deviation of 
the X-ray H . . . O  distances would therefore be about 
0.1005 A [= (0-0652 + 0.07662)1/2]. 
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The mean value of a sample can be estimated with a 
standard error (amean) of: 

0"mean : 0"sample/V/N (11) 

where O'sample is the sample standard deviation and N is 
the number of observations in the sample (Hamilton, 
1964). If  the figures calculated above are typical, they 
suggest that the mean p ro ton . . ,  acceptor distance of a 
given class of hydrogen bond (e.g. H 3 N + - H  • • • O = C  or 
Me3N+--H . . . O = C )  can be estimated more precisely 
from X-ray data than from neutron data, provided 
that: 

N x / N  n > (0-1005/0.0774) 2 (12) 

i.e. 

N x / N  n > ,~1.7 (13) 

where N x -- number of available X-ray observations, 
and N n = number of available neutron observations. 
Since the number of X-ray determinations in the 
literature exceeds the number of neutron deter- 
minations by two orders of magnitude, inequality (13) 
is always likely to be satisfied. 

The details of this argument are altered if the X-ray 
N - H  bond lengths are normalized, but the overall 
conclusion remains the same. The effect of nor- 
malization is to make the uncertainties in the X-ray 
hydrogen-atom positions anisotropic. However, the 
general trend will be to reduce the errors rather than 
increase them, because the standard deviation of the 
neutron N- -H bond-length distribution (0-015 A) is 
smaller than the average random error in the X-ray 
hydrogen-atom positions.* 

Accuracy  o f  X-ray  hydrogen-bond geometries 

The results of the error analysis show that X-ray 
data can provide accurate information about 
N - H . . . O  hydrogen-bond geometries, provided that 
systematic errors are corrected by normalization of the 
N - H  bond lengths. In the present study, the mean 
H . . . O  distance and N - H . . .  O angle calculated from 
the corrected X-ray data are almost identical to the 
corresponding neutron diffraction estimates. In many 

* Surprisingly, the sample standard deviation of the corrected 
X-ray H.. .O distances in the present study is less than that of the 
neutron distances (Table 3). We regard this as a freak result, 
because the random errors in the X-ray distances are certainly 
larger than those in the neutron distances. 

cases, the discrepancies between the neutron and 
corrected X-ray hydrogen-bond geometries are no 
larger than errors introduced by neglecting, or inade- 
quately correcting for, thermal-motion effects. Libra- 
tional corrections to neutron N - H  distances can easily 
be as large as 0.02 A and are very sensitive to the 
model used for the thermal motion (Koetzle, Lehmann, 
Verbist & Hamilton, 1972). The removal of systematic 
errors by normalization means that X-ray and neutron 
data can be used together in statistical surveys of 
hydrogen-bond geometries. 

Olga Kennard is a member of the external staff of 
the Medical Research Council. 
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